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Abstract The ability of the modern graphics processors to operate on large matri-
ces in parallel can be exploited for solving constrained image deblurring problems in
a short time. In particular, in this paper we propose the parallel implementation of
two iterative regularization methods: the well known expectation maximization algo-
rithm and a recent scaled gradient projection method. The main differences between
the considered approaches and their impact on the parallel implementations are dis-
cussed. The effectiveness of the parallel schemes and the speedups over standard CPU
implementations are evaluated on test problems arising from astronomical images.

Keywords Image deblurring - Gradient projection methods - Graphics processing
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1 Introduction

Image deblurring has given rise to interesting optimization problems and stimulated
fruitful advances in numerical optimization techniques. Nowadays several domains of
applied science, such as medical imaging, microscopy and astronomy, involve large
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scale deblurring problems whose variational formulations lead to optimization prob-
lems with millions of variables that should be solved in a very short time. To face
these challenging problems a lot of effort has been put into designing effective algo-
rithms that have largely improved the classical optimization strategies usually applied
in image deblurring. Nevertheless, in many large scale applications also these improved
algorithms do not provide the expected reconstruction in a suited time. In these cases,
the modern multiprocessor architectures represent an important resource for reducing
the reconstruction time. To fully exploit these architectures, parallel implementations
of the optimization-based deblurring strategies must be carefully designed for the spe-
cial multiprocessor system available (the interested reader can refer to [10,11,18,25,
26] and references therein for examples of parallel optimization methods).

In this paper we discuss the benefits arising from facing the image deblurring prob-
lems on Graphics Processing Units (GPUs), that are a non-expensive parallel pro-
cessing device available on many up-to-date personal computers. Originally developed
for 3D graphics applications, GPUs have been employed in other scientific comput-
ing areas by showing very exciting speedups in comparison with standard CPU im-
plementations (a complete list of general purpose GPU applications is available at
http://developer.nvidia.com/cuda). In particular, GPU implementations of algorithms
for signal and image reconstruction have recently been proposed by Lee and Wright in
[16]. The model considered in [16] for the image deblurring problem leads to the mini-
mization of an objective function given by the sum of a least squares fit-to-data term
and a total variation regularization term [22]; the solution of this regularized problem
is obtained by means of the primal-dual gradient descent approach described in [31].
The promising speedups obtained in [16] suggest that the design of GPU implemen-
tations for other popular image deblurring formulations could be an interesting and
useful task.

This work deals with the maximum likelihood formulation of the image deblurring
problem in the case of Poisson noise [2], a model of noise describing the effect of pho-
ton counting in applications such as emission tomography, microscopy and astronomy.

RNXN

Following this approach and denoting a two-dimensional image X € as a vector

T = (xl,...,zn)T € R", n = N?, an approximation &* € R" of the image to be
reconstructed is obtained by solving the minimization problem
min J(@) = 27y (X]g Aija; +bg — by~ biln
sub. to x >0,

21 A +b9>
b;

(1)

in which the functional J(x) represents the Kullback—Leibler divergence [4] of (Ax+bg)
from the observed noisy image b, where A € R™*" is the blurring operator and bg
denotes a constant background term. Due to the ill-posedness of the image deblurring
problem, the exact solution of (1) does not provide a sensible estimate of the unknown
image and, consequently, iterative methods are usually applied to the problem (1) to
obtain acceptable (regularized) solutions by early stopping. In this computational study
we consider two iterative regularization methods: the Expectation Maximization (EM)
[24] or Richardson—Lucy method [17,21], and the Scaled Gradient Projection (SGP)
method recently introduced in [3]. The EM method, one of the most popular algorithms
for astronomical and medical image deblurring, is attractive because of its simplicity,
the low computational cost per iteration and the ability to preserve the non-negativity
of the iterates; however, it usually exhibits very slow convergence rate that highly
limits its practical performance. The SGP method is a more complicated scheme that



combines diagonally scaled gradient directions and special steplength selection rules to
achieve a good convergence rate and provide the same reconstruction accuracy of EM
in a much lower time. We also recall that SGP is suited to solve general differentiable
minimization problems subject to simple constraints and it can be applied to other
imaging problems.

Our main purpose is to develop GPU implementations of these algorithms that
can enable to significantly reduce the time for processing images of several mega-pixels
on low cost architectures. Furthermore, we aim to verify how much the strategies on
which SGP is based are suited for parallel implementation on GPUs.

The paper is organized as follows: in section 2 we briefly recall the EM and SGP
methods, in section 3 we describe the GPU architecture and the parallel implementa-
tions of the algorithms; numerical experiments on astronomical images are presented
in section 4 to evaluate the CPU and GPU implementations of the two methods and,
finally, the main conclusions are discussed in section 5.

2 Iterative regularization algorithms

Before to state the EM and SGP algorithms it is useful to recall some basic properties
of the objective function J(x) in (1). First of all we observe that the gradient and the
hessian of J(x) can be written as

vJ(z)=ATe—ATY b (2)
v2J(z) = ATBY 24, (3)

where e € R is a vector with unitary entries, Y = diag(Ax + bg) is a diagonal matrix
with the entries of (Ax + bg) on the main diagonal and B = diag(b). The matrix A is
generally dense, with nonnegative entries and such that ATe = e and Zj Aijj >0, Vi.
Moreover, we must recall that A comes from the discretization of the Fredholm integral
equation that models the image formation process; by imposing periodic boundary
conditions for the discretization, the derived matrix is block-circulant with circulant
blocks. This property implies that the matrix-vector products involving the matrix A
can be performed with O(nlogn) complexity, by employing the Fast Fourier Transform
(FFT) [7] (remember that Ax is just the cyclic convolution of & with an array usually
called point spread function (PSF)). Concerning the components b; of the observed
image b, we remark that they are nonnegative and, consequently, the problem (1) is
a convex optimization problem since the hessian matrix (3) is positive semidefinite in
any point of the nonnegative orthant.

The Karush-Kuhn—Tucker (KKT) first order optimality conditions for (1) can be
stated as follows:

S o ©

zTv.J( (4)
vJ

)
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Since we assume ATe = e, the complementarity condition (4) can be rewritten as

T = diag(az)ATY_lb.



Algorithm SGP (Scaled Gradient Projection Method for problem (1))

Choose the starting point (0 > 0, set the parameters 3,0 € (0,1), 0 < @min < Amaz and
fix a positive integer M.
For k=0,1,2,... DO THE FOLLOWING STEPS:

STEP 1. Choose the parameter ag € [min, ®maz] and the scaling matrix Sy € Sg;
STEP 2. Projection: y(¥) = P(x(®) — a8, V.J(2(F));
If y(k) = 2% then stop, declaring that z®) is a stationary point;
STEP 3. Descent direction: d(*) = yF) — k),
STEP 4. Set Ay = 1 and Jmaz = MaX0<j<min(k,M—1) J(x(k=9);
STEP 5. Backtracking loop:
IF J(@® + 2\, d®)) < Jmaz + BN\ VI (2®)T d*) THEN
go to Step 6;
ELSE
set A\ = 0\, and go to Step 5;
ENDIF
STEP 6. Set x*+1) = &) 1\, dF).

END

The EM method is based on the previous fixed point formulation, and its iteration is
defined by
2 ) = x, ATy e = 2 - X v =®), (5)

where X = diag(:l:(k)) and Y, = diag(A:v(k) + bg). We observe that EM can also
be viewed as a scaled steepest descent method with diagonal scaling given by the
matrix Xj. Starting from a positive initial point m(o), the non-negativity of A, bg and
b guarantees that all the successive iterates remain feasible and, under the assumption
bg = 0, the convergence to a solution of (1) has been proved by several authors [13-15,
19,27]. The EM method is attractive because of its low computational cost, consisting in
O(nlogn) operations per iteration (needed to perform the two matrix-vector products
involving the matrix A), but in many cases it converges very slowly and does not ensure
satisfactory performance.

Among the different strategies suggested to improve the convergence rate of EM,
the scaled gradient projection method, recently proposed in [3], seems very appealing
for both its performance and its general form that well adapts to other interesting opti-
mization problems in imaging. This method combines non-expensive diagonally scaled
gradient directions with special steplength selection rules to obtain a good convergence
rate; furthermore, it exploits line-search strategies along the feasible direction to ensure
global convergence properties. In the following, we describe the version of the method
that applies to the problem (1). First, we denote by P(-) the projection operator onto
the feasible region of (1):

P = i — , 6
(z) arg;nzlg\lz P (6)

where ||-||2 denotes the usual 2-norm of vectors. Then, for a given positive scalar L > 1,
we define the set Sy, of the diagonal matrix S = diag(s1, s2,. .., sn) such that

1
ngigL, 1=1,2,...,n. (7

The main steps of the method are summarized in Algorithm SGP.
This SGP version differs from the general scheme presented in [3] for the projection
step, that is rewritten taking into account the special constraint of the problem (1),



Algorithm SS (SGP Steplength Selection)
IF k=0

set ap € [Amin, ¥maz], 71 € (0,1) and a nonnegative integer My;

ELSE
r(kil) = a;(k> — w(kil); z(kil) = VJ(:B(k)) — vj(a;(k71>)7
IF 'r*("‘—l)TDlzlz(’“—1> < 0 THEN
oz(l) —a .
k max,
ELSE

(1) . T(k‘fl)TD;ID;l,r.(k—l)
Q7 = Max { Qmin, Min P DT p 1z s Xmaz ¢ (3

ENDIF

T
1F r(F=D" Dy 2(F=1) <0 THEN
o® —o
k - max,
ELSE

a'? = max { @min, min r* D D,z o ;
k - min z(kil)TDk‘Dk‘z(]‘/fl)’ max 9

ENDIF

IF af)/a,(cl) < T THEN

ap = min{Oz;Q), j=max{l,k— Ma},.. .,k} ; Th41 = Tk * 0.9;
ELSE

ag :ag); Tht1 = Tk * 115
ENDIF

ENDIF

and for the diagonal assumption on the scaling matrix. However, the convergence result
proved in [3] still holds and, due to the definition of the objective function J(x), it
ensures that every accumulation point of the sequence {:B(k)} generated by applying
algorithm SGP to the problem (1) is a minimum point. The computational study
reported in [3] highlights that the convergence rate of SGP is strictly related to the
choices of the scaling matrix Sj, and of the steplength parameter ;. An appropriate
choice for the scaling matrix is obtained by simulating the EM scaling:

Sk:diag(sgk),...,s%k)>, sgk):min{L,max{%,xgk)}}, i=1,...,n. (8)

A suited steplength selection is derived by rewriting the Barzilai-Borwein steplength
rules [1] in the case of scaled gradient directions and then by using an adaptive alter-
nation of these rules. We report in Algorithm SS the alternation strategy suggested
in [3] and refer to [8] for the derivation of this steplength selection (see also [5,6,9,23,
28,30] for further results on the BB alternation rules).

Given the above details, we may compare EM and SGP in terms of the computa-
tional cost per iteration. In both the approaches the main computational operations
consist in two matrix-vector products, that is, two (two-dimensional) FET/IFFT pairs
with O(nlogn) complexity. Besides this common cost, SGP requires several additional
vector-vector operations with O(n) complexity, mainly for managing the steplength
and the backtracking loop. Due to these additional operations, the time per iteration
in SGP is greater than in EM, sometimes more than twice, depending on the size of the
image, the test platform/environment and the optimization level of the main computa-
tional tasks. Nevertheless, the remarkable reduction in the number of iterations allows
SGP to reach the same reconstruction accuracy of EM by saving time up to more than



one order of magnitude (see the numerical results in [3] and in section 4). We will
investigate in the following computational study how much the GPU implementation
of SGP will be penalized by the additional operations of its iterations.

We end this section by suggesting a suited setting for the SGP parameters that
will be exploited in the experiments on astronomical images discussed in section 4:

— line-search: 3 = 1074, 0 = 0.4, M = 10 (nonmonotone line-search);
— steplength: aupin = 10_10, Umaz = 1057 ag = 1.3, 1 = 0.5 and My = 2;
— scaling matrix: L = 1010,

3 GPU implementations

We base our GPU computational study on the NVIDIA Graphics adapters. NVIDIA
provides a complete framework, called CUDA (Compute Unified Device Architecture),
for programming their GPUs (see http://www.nvidia.com/cuda). By means of CUDA
it is possible to program a GPU using a C-like programming language. A CUDA pro-
gram contains instructions both for the CPU and the GPU. The CPU controls the
instruction flow, the communications with the peripherals and it starts the single com-
puting tasks on the GPU. The GPU performs the raw computation tasks, using the
problem data stored into the graphics memory. The GPU core is highly parallel: it is
composed by a number of streaming multiprocessors, which depend on the graphics
adapter model. Each streaming multiprocessor is composed by 8 cores, a high speed
ram memory block, shared among the 8 cores and a cache. All the streaming multi-
processors can access to a global main memory where, typically, the problem data are
stored. For our numerical experiments we used CUDA 2.0 [20] and a NVIDIA GTX
280 graphics card, which has 30 streaming multiprocessors (240 total cores) running
at 1296 MHz. The total amount of global memory is 1GB and the connection bus
with the cores has a bandwidth of 141.7 GB/sec. The peak computing performance is
933 GFLOPS/sec. The GPU is connected to the CPU with a PCI-Express bus, which
grants a 8GB/sec transfer rate. It should be noted that this speed is much slower than
the GPU-to-GPU transfer so, for exploiting the GPU performances, it is very impor-
tant to reduce the CPU-GPU memory communications and keep all the problem data
on the GPU memory. Besides, the full GPU-to-GPU bandwidth can be obtained only
if a coalesced memory access scheme (see NVIDIA documentation [20]) is used; so,
all our GPU computation kernels are implemented using that memory pattern. For
the implementation of EM and SGP, two kernel libraries of CUDA are very important:
CUFFT and CUBLAS. By the CUFFT library we can compute 1-D, 2-D and 3-D FFT:
complex-to-complex, real-to-complex and complex-to-real versions are available. The
CUBLAS library is a GPU implementation of the main BLAS subroutines for levels
1, 2 and 3. The use of these libraries is highly recommended for maximally exploiting
the GPU performances.

As already observed, the main computational block in both the EM and SGP itera-
tion consists in a pair of forward and backward FFTs for computing the image convolu-
tions. We face these operations by means of the CUFFT subroutines: after computing
a 2-D real-to-complex transform, the spectral multiplication between the transformed
iterate and PSF is carried out and the 2-D inverse complex-to-real transform is com-
puted. Furthermore, both the algorithms need a division for each pixel in the image,
while the computation of the objective function in SGP requires also a logarithm for
each pixel. These tasks are particularly suited for a GPU implementation: in fact there



is no dependency among the pixels and the computation can be distributed on all the
scalar processors available on the GPU. Besides, divisions and logarithms require a
higher number of clock cycles than a simple floating point operation, thus the GPU
memory bandwidth is not a limitation for these operations. Finally, we must discuss a
critical part involved by the SGP: the scalar products for updating the steplength. The
“reduction” operation necessary to compute a scalar product implies a high number
of communications among the processors and there are dependencies that prevent a
straight parallelization. In [12], NVIDIA reports an analysis of 7 different strategies for
computing a reduction and suggests which is the best one for a high volume of data.
In our experiments, the CUBLAS function for scalar product (cublasSdot) generally
achieves the best performance and then we exploit the kernel libraries provided by
NVIDIA also for this task. Anyway, scalar product computation on GPU has a nega-
tive impact on performances compared to CPUj; this means that we may expect a loss
of speedup in the SGP method compared to the EM.

4 Numerical experiments

In order to evaluate the effectiveness of the proposed GPU implementations, we con-
sider some deblurring problems on astronomical images corrupted by Poisson noise.
Our test platform consists in a personal computer equipped with an AMD Athlon X2
Dual-Core at 3.11GHz, 3GB of RAM and the graphics processing unit NVIDIA GTX
280 described in the previous section. We consider CPU implementations of EM and
SGP in Matlab 7.5.0 and in C (double precision) within the Microsoft Visual Studio
2005 environment; the GPU implementations are developed in mixed C and CUDA
language (single precision) within Microsoft Visual Studio 2005.

The test problems are generated as described in [3]: we convolve original 256 X 256
images with an ideal PSF, then we add a constant background term and we perturb
the resulting images with Poisson noise. Two different levels of noise are considered by
changing the total flux, that is, the total number of counts, of the original images (the
noise level is increasing when the total flux is decreasing). The original images, denoted
by the letters A and B, are shown in the upper panels of Figure 1. In the other panels
of Figure 1 we report, for each image, the blurred noisy images corresponding to a low
level of noise (images Al and Bl in the middle panels; the total flux is 4.43 x 10%)
and to a high level of noise (images A2 and B2 in the lower panels; the total flux is
4.43 x 107). We obtain test problems of larger size by expanding the original images
and the PSF by means of a zero-padding technique on their FFTs. The expansion is
made by preserving the medium value of the pixels and by using the same value of the
background; as a consequence, the noise levels of the new larger images are comparable
with those of the corresponding blurred noisy images sized 256 x 256. In this way, from
each of the four test problems Al, B1l, A2 and B2, we derive three other test problems
with sizes 512 x 512, 1024 x 1024 and 2048 x 2048, on which the scaling properties of
the iterative regularization algorithms can be evaluated.

Concerning the number of iterations that must be required to obtain a suited
regularized solution, we exploit values able to provide, for each test problem, a relative
reconstruction error (defined as ||:c(k) — x||2/||z||2,  being the original image to be
reconstructed) close to the best one. As an example, we show in Figure 2 the behaviour
of the relative error as a function of the number of iterations in the case of the 256 x 256
images B1 (left panel) and B2 (right panel). In these experiments, for each class of test



Image A

Image Al Image B1

Image A2 Image B2

Fig. 1 Original images (upper panels) and blurred noisy images with low level on noise (middle
panels) and high level of noise (lower panels).

problems, we determine a suited number of iterations for the images sized 256 x 256 and
use the same number of iterations also on the corresponding images of larger sizes, since
we observed that it provides satisfactory reconstructions. The reconstructed images
corresponding to the blurred noisy images of size 256 x 256 are shown in Figure 3.

Before to evaluate the effectiveness of the proposed parallel implementations, we
show the behaviour of the Matlab and C serial implementations of both EM and SGP.
In Table 1, for the test problems Al and A2, we report the relative reconstruction



Image B1 - size 256 X 256 Image B2 - size 256 X 256
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Fig. 2 EM and SGP relative reconstruction error.

Test problem: Image Al Test problem: Image B1

Test problem: Image A2 Test problem: Image B2

Fig. 3 Reconstructed images.

error (err.) and the computational time in seconds (time) corresponding to the two
implementations. Even if the Matlab implementation is based on very well optimized
functions for computing FFTs and other basic operations within the SGP iteration,
the C version is able to achieve remarkable time reductions and appears definitely
preferable. For these reason, the speedups corresponding to the parallel versions of the
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algorithms will be computed with respect to the serial C version. The numerical results
provided by the C_CUDA parallel implementations are summarized in Tables 2-5.

Table 1 C and Matlab implementations on CPU

CPU (C-based) CPU (Matlab-based)
Test problem|Algorithm n err. time err. time
2562 0.052 4.78 0.051 21.09
Al SGP 5122 0.051 20.33 0.051 86.59
it. = 260 | 10242 0.051 94.00 0.051 342.50
20482 0.051 421.58 0.051 1418.27
2562 0.070 0.72 0.071 2.47
A2 SGP 5122 0.065 2.69 0.064 9.92
it. = 29 | 10242 0.064 10.66 0.062 39.56
20482 0.064 49.81 0.062 163.61

The main conclusion that can be drawn from these experiments is that the GPU
implementations allow us to save time over the CPU implementation for more than one
order of magnitude, without no significant differences in the reconstruction accuracy.
The speedups are between 10.6 and 20.9 for the SGP and between 21.9 and 30.6 for the
EM; this confirms that the additional operations required in each SGP iteration make
this algorithm less suited than EM for a parallel implementation on GPU. However, it is
important to observe that SGP, due to its better convergence rate, largely outperforms
EM also in the GPU environment. In fact, the relative time saving of SGP over EM is
between 79% and 95% for the tests on CPU and between 56% and 93% for the GPU
implementations. Thus, taking also into account that the time reduction provided by
SGP increases for increasing size of the problem, we may consider SGP an useful tool
for solving large scale image deblurring problems on modern GPU parallel devices,
more suited than the simple EM approach.

5 Conclusions

We have presented parallel versions of iterative regularization methods for solving con-
strained image deblurring problems on graphics processors. We have considered the
expectation maximization method, a very simple but slowly convergent approach, and
a recent scaled gradient projection method that exhibits superior convergence rate but
a more expensive iteration. Parallel implementations of these algorithms for NVIDIA
GPUs have been developed in a mixed C and CUDA language. A computational study
on deblurring problems in astronomical imaging has shown that, for both the algo-
rithms, the GPU implementation provides a time saving of at least one order of magni-
tude with respect to the CPU version. Concerning the relative performance of the two
iterative approaches, the scaled gradient projection scheme largely outperforms the
expectation maximization method on both the CPU and GPU environments. Thus,
the GPU implementation of the gradient projection approach proposed in this paper
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Table 2 Test problem: Image Al

CPU (C-based) GPU (C_.CUDA-based)

Algorithm n err. time err. time Speedup
2562 0.052 4.78 0.052 0.45 10.6
SGP 5122 0.051 20.33 0.052 1.64 12.4
it. = 260 | 10242 0.051 94.00 0.052 5.99 15.7
20482 0.051 421.58 0.052 27.72 15.2
2562 0.051 66.91 0.051 3.06 21.9
EM 5122 0.051 311.31 0.051 14.09 22.1
it. = 8000 | 10242 0.051 1533.28 0.051 57.72 26.6
20482 0.051 8360.94 0.051 368.27 22.7

Table 3 Test problem: Image Bl

CPU (C-based) GPU (C_.CUDA-based)

Algorithm| n err. time err. time Speedup
2562 0.292 13.66 0.294 1.27 10.8
SGP 5122 0.292 56.81 0.293 4.47 12.7
it. = 750 | 10242 0.291 268.86 0.293 16.20 16.6
20482 0.292 1206.92 0.293 76.91 15.7
2562 0.293 67.02 0.293 3.05 22.0
EM 5122 0.293 314.02 0.293 14.02 22.4
it. = 8000 | 10242 0.293 1551.00 0.293 57.43 27.0
20482 0.293  8148.89 0.293  366.09 22.3

represents an effective tool for large scale image deblurring and its generalization to
other imaging problems will be a future work.
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